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Specialist Units 3 & 4 2

2016 Solutions

Calculator—free Solutions

1. x=0 - y=-|_—\/?§ v
2x+2+8y%=0 Vv
LAy x+1
Tdx 4y
dy 1 1
dx | g _¥87 7 3) ) T25 Y
s T3

_ X 3
Y oB 2 Y
5 5
2. (a) (1+i)5+(1—i)5=[ﬁcis[§]] +(ﬁcis[ _ﬂ] v
=4ﬁcis( 54—“] + 4~Ecis( —i—n] v
=4~/§{ cos( Z—“J +isin( 54—T[J + cos[ 54—“} —isin[ 54—“” v
=4~/§{2003(54—1TJ}
_ 1)
-8 [ -5 -8 a4
(b) (i) 2 Re(2)+3Im(z) = 3 Vv
(ii) —gSArg(z)<§and 14 <3 2%

3. (a) J cosx (1 —cos x)dx = J cosx dx —J cos’x dx

= sinx J 1+00s(2x) vy
2
= sinx —1J dx —1J cos(2x) dx
2 2
x A1
=sinx —= ——si vV
sinx 5> sin(2x)+ C
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2016 Solutions 3 Specialist Units 3 & 4

3. (b) Let u=1+cos(2x) v
Then du = -2 sin(2x) and hence —% = sin(2x) dx v
dx 2
o i 1 3
—| =1+ — =1+—-—=—
Also, u( 6} cos( BJ 55
U T
and u[ 4] cos[ Zj
4 1 _@ g
J sin(2x) dx=J 2 _ 1J' du L,
. 1+ cos(2x) 3 u 2 u
6 2 1
1 2 1.(3
=— =—In| = v
2[In|u| L > In[ 2] [9]
1-—
4. (a) f)=2+—5— [=2—1J 24
X —x X
y
(b) (e) #no (b)
6/ v Reciprocal Curve
5 v Marks undefined point P
/ v Vertical asymptote at x=0
v" Horizontal asymptote at y=2
—— 5 / — >
RS
—7 1,
-6 5 4 3 2 -1 / > 34 5 6
i ( / (e) (in bold)
) v Asymptotes x=2 and y=0
- v Marks undefined point P
h ‘W JV
(c) Range= {yeR:y#1andy # 2} 4
1 1 1
=2—— h — = 2 = — v
d) vy . ence . y and x 2y
therefore f_1(x)= 1 as required
2—-X
domain = {x € R: x # 2and x # 1} v [12]

© WATP



Specialist Units 3 & 4 4

Solutions 2016

5. (a) J

= sin[ ﬂ + cos[ ﬂ —sin(0)— cos(0) = J2 - 1 units®

(b) T[J

=T ( 1 + 1cos(2x)—% + %cos(Zx)] dx

1 7
=T Esm(Zx)]

L

4

T

. . Z
(cosx —sinx)dx = [ sinx + cosx} 0

0

&3
&3

2 .2
cos x dx — nJ sin"x dx
0

o

r

&3

2 2
0

n
4

~

=m cos(2x) dx

0

T

0

sin[ g] - sin(O)} = g units®

21 1 1
02 1 gq-2
001-2p g+24] R, +2R,

211 1
021 1
00 -9 27

—9z=27 wz==-3

2y—-3=1 ay=2

2x+2-3=1 &x=1

1
=— and q=-24
p=- and q

(i) p=1and q+ —24

2
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Specialist Units 3 & 4

Calculator-assumed Solutions

7.

(c)

z=1-2i and z=-3i
Q(2)=(z-1-2iXz—1+ 2iXz—3i)z + 3i)
CAS — Q(2)=7 —27 + 147 — 182+ 45
~a=-2,b=14, ¢c=-18 and d=45
f(@(x)=5+Jg =5+(x-5F=5+|x-5]
Domain = {x: x € R}

Range = {y:y = 5}
GF)= (F-5F = (5+Jx-5) = Wx) =x

Domain = {x: x = 0}
Range = {y:y = 0}
flg(a)= (@) =~ f((a~5F) = g(5 +a)
5+~/(a—5)2=(5+\/5—5)2
5+|a-5=a
la-5|=a-5
~az=5
g(h)=x"+6x+9

= (x + 3y = (h-5Y
~h-5=%(x+ 3) hence
h(x)=x+8 or h(x)= —x+2

vv

44 [5]

\

\

(x|

=

©® © o

> ~

N S N S
| S T N |

-0 9 8 7 6 -5 4 -3 -2 -1, 2

> X

v Shape and accuracy

fxD
v’ point of reflection

v mirror shape on 2™ quadrant

[gCOl™
v Vertical asymptote at x=5
v" Horizontal asymptote at y=0
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Specialist Units 3 & 4 6 Solutions 2016
dpP dP
9. (a) o kP hence b - kdt
dP J
. kdt
JE
In|P| = kt + C
ap =t Co gty O P, okt
P
() () Att=1, P(1)=P,e" thus 5" =124
0
« k=1n(1.24)= 0.2151
therefore, P(t)= 2500 2!
and P(2.5)= 2500 &°°* **"*" = 4280.38
~ 4280 fish
i)  2500e>*"™" = 20000
t= 0'2(185)1 = 9.67 ~ 10 years [8]

10. (a) Point of reference is P(5, 0). From P:

X = 2 cos(4t)
dx )
Sl —8 sin (4t)
2
dx
and —, = —32 cos(4t)= —16(2 cos(4t))
dt
d’x 2 L »
ST = —4~ x which is the condition for SHM
dt
d
(b) d—’t‘= -8 sin(4t) = 4
NP _m 5m 7n 11w 13 17n
~ |sin(4t) = > and hence 4t = 56 6 6 6"
T 51'[ 71‘[ 111'[ 131'[ 171'[
and t=—, — —, —,—

x[z“—LJ =5+2cos[gj =5+J3 =~ (5+43,0)

24

() x=-1=2cos(4t)
& X =-16(x)= -16(-1)= 16 .~ 16 ms
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2016 Solutions 7 Specialist Units 3 & 4

1. (@) () 2J§—2i=4cis[ —g] v

Other roots are +* 23—ﬁ apart, hence

. m 21 [
= —+ —| = — v
z 4CIS[ 6+ 3J 4CIS( 2}
. m™ 21 , 5n
= —_— | = - v
z 4CIS{ 5 3] 4CIS[ 6]
(ii) 4cis[ E] = 4j v
2
. 5n ,
4CIS{ _FJ =—2J§—21 v
(b) Im(z)

v' Same magnitude
v Equally spaced 120° apart

—— Re(z)

—4**
(c)
g 1200
X
x> = 16 + 16 — 2(16) cos(120°) v

X2 = 32—32[ —%J = 48

x=43 v
« perimeter = 1243 units v [10]
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Specialist Units 3 & 4 8 Solutions 2016
12
12. (@) 4= 1.96( —J vV
Jn
~n=34.57 i.e. 35 calculators are needed v
(b) 9 + 1.645( EJ vv
J60,
~ (91.45, 96.55) v
(c) No, as the 90% interval does not contain the
100hr claimed. vV (8]
13. (a) y
A
ol
4
6 5 4 B -2 - 1 4 5 slx

(b) Two possible solutions:

v liney = 2x
v linesy=2andy=-2

» 9
/
\ 5 /
\ /
\ 4
\
\
N 3
\
\
\
\ 1
\
\
| - X
% 5 4\ 83 -2 - 2 4 % -5

hence, a=2, b=2 and c=-+4

or a=-2, b=-2 and c=4

© WATP
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2016 Solutions 9 Specialist Units 3 & 4

1 0 2
14. (a) 2| X1 3] = v
0 1 3
4 2
r=| _o| *Al _4 v
3 3
4+ 2) 2
(b) 2l 1] =° v
3+ 31 3
CAS - A=-1 v
4-2 2
2+1| | 1 v
3-3 0
4 2 2
(c) 20— =] =] -1 v
3 0 3
2
1= Jﬁ units v
3
(d) Use the normal to the xy plane and the normal to the plane TU: v
2 0 2 0
111 ol =|=11% |o]|X cosbé v
3 1 3 1
~0=36.7° v
(e) Create a line perpendicular to the plane that passes through O:
2
Let r=24] _4
3
Find the point of intersection of this line and the plane:
2 2
Ml —1] =3 v
3 3
CAS — A== v
14
5[ 2 5 5
Hence, 1a] -1 = ﬁﬂ , S0 equation is |r|= 1—4@ v
3
And the point of tangency is:
2
= v [14]
3
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Specialist Units 3 & 4 10 Solutions 2016
6V  dVv
15. — &~ —
5 (@) or dr
.'.6Vz8rﬂ=<‘3r><4kr3 v
dr
§V 8 x 4kr’ 8r
=4 X — v
v Kr r
&r 18V _1 o o
B ——— = — = v
T * 2y 2% 10% = 2.5%
dr mm
te given: —=-0.05——-
(b) rate given ol cm
dv
t ded: —-
rate neede oy
dv dv 1
-z _ 7 — v
hence, d - dr X dl
ar
= (4 % 15 x r*) x —0.05 = -3/ v
r=22-12x 0.05=1.6 mm v
V 3
Vo 3 16%= 12288 ™M v [7]
dl cm
16. (a) C[425—196xi<u<425+196xi]=095 v
. i . fp S K= ) 2 :
C(39.73 < n £ 45.27)= 0.95 v
The engineers can be 95% confident that the mean operating
temperature of the lithium-ion batteries is somewhere between
39.73°C and 45.27°C. v
2 2
2.576 8
) n=2T0L X8 _ 160876 %
(0.5)
They will need 1699 batteries to be within 0.5°C of the
true mean. v [7]
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2016 Solutions 11 Specialist Units 3 & 4

17. (@) x(t)= [ cost—%] =0
1 T
oo = — = /
cost 5 hence t 3

v(t)=%=(—sint)i+(—cost)j v
v[%}’=‘[ —sin[%]j i+(—cos[%}]jl v
=\/(J?§jz+(%]2=1 units/s v

(b) a()= % = (—cost)i + (sinf)j v

~ la(t) = \/( —costy + (sintf = 1 =1 unit/s? v

(c) sint=2-y and cost=x+%

. .2 2
since sin"t+ cost=1

2
then {x+%] +(y—2F=1 v
1
the path is a circle centred at [ _E’ ZJ of radius = 1 unit 4 [8]
18. (a) %= —-y+2 Vv
Reasons: (at least 1) v
dy

e when dx = 0 the isoclines follow the line y = 2

¢ the isoclines describe exponential solutions

¢ the isoclines follow exponential decay, hence “-y”

(b) y
AR - \ \ \7 AR " \ \ \
LV S Y W Y VO SV W W W W O W S
\\ \\ \\ \\ \\ \\0 \\ \\ \\ \\ \\ \\
§ § § § § § § § § § § § v' exponential curve that
5\ . .
follows the isoclines

N INININI N \4 NI SNV INININI N v’ passes through the point
AR AR AR AR R R R AR N 0, 1)
N

N e N N N

P e //(0’/‘1,)//// -~ ~ ///'

) / / / /S S/ /I / / / S A S

NN YN NN
1 / / #1 T / / 7/
AR Ay
T — f h fe T / f f
L] /A Y B Y B A
{1 f = , T / / / [5]

‘\\
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